In this work, we present an upscaled model for mixed dimensional coupled flow problem in fractured porous media. We consider both embedded and discrete fracture models (EFM and DFM) as fine scale models which contain coupled system of equations. For fine grid discretization, we use a conservative finite-volume approximation. We construct an upscaled model using the non-local multicontinuum (NLMC) method for the coupled system. The proposed upscaled model is based on a set of simplified multiscale basis functions for the auxiliary space and a constraint energy minimization principle for the construction of multiscale basis functions. Using the constructed NLMC-multiscale basis functions, we obtain an accurate coarse grid upscaled model. We present numerical results for both fine-grid models and upscaled coarse-grid models using our NLMC method. We consider model problems with (1) discrete fracture fine grid model with low and high permeable fractures; (2) embedded fine grid model for two types of geometries with differnet fracture networks and (3) embedded fracture fine grid model with heterogeneous permeability. The simulations using the upscaled model provide very accurate solutions with significant reduction in the dimension of the problem.
flow processes. A common approach to model fracture media is to consider the discrete fractures as lowerdimensional objects [30, 12, 18, 10, 31] . This results in a coupled mixed dimensional mathematical models, where we have d -dimensional equation for flow in porous matrix and (d − 1) -dimensional equation for fracture networks. The cross-flow equilibrium between the flow in fracture and matrix is described by some specific transfer terms.
Various numerical approaches to model fractured porous media have been developed and can be classified by the types of meshing techniques used for simulations. One approach, called discrete fracture model (DFM) is associated with the conforming discretization or explicit meshing of the fracture geometry. In DFM, we consider flow processes in both the matrix and the fracture media, where the fractures are located at the interfaces between matrix cells [22, 25, 26, 19] . This requires a conforming meshing of the fractures, which can lead to large computational demands since a large number of unknowns arise when the problem is approximated. Nevertheless, DFM is shown to be an accurate tool to describe the flow characteristics of the models with large-scale fractures. In another approach, called the embedded fracture model (EFM) [21, 33, 32 ] the fractures are not resolved by grid but are considered as an overlaying continua. In EFM, matrix and fracture are viewed as two porosity types co-existing at the same spatial location, thus simple structured meshes can be used for the domain discretization. The transfer term between matrix and fracture appears as an additional source or sink and is assumed to exist in entire simulation domain. The concept of this approach can be classified in the class of dual-continuum or multi-continuum models [3, 35, 11, 20] .
In this work, we consider both embedded and discrete fracture models (EFM and DFM) for fine-scale model. Mathematical models for both approaches are described by the coupled mixed dimensional system. Finite volume methods are widely used discretization techniques for simulation of flow problems. For fine grid simulations, we employ the cell-centered finite-volume method with two-point flux approximation (TPFA) [21, 33, 4, 34, 32] . In the DFM approach, we impose Robin type conditions on the internal boundaries that represent fractures. This allows us to couple the subdomains by simply discretizing the flux over faces of each internal boundary. In the EFM approach, a coupling between fracture and matrix subdomains is described by some transfer term.
Due to the scale disparity, fine grid simulation of the processes in fractured porous media can be very expensive if one needs to capture various scales of flow features at once. To reduce the dimension of the fine scale system directly using finite volume approximation of the problem with EFM and DFM approaches, multiscale methods or upscaling techniques are proposed [23, 16, 13, 29, 24] . In our previous work, the multiscale model reduction techniques based on the Generalized multiscale finite element method (GMsFEM) for flow in fractured porous media are presented [2, 7, 17, 1] . The general idea of GMsFEM is to first solve some local problems to get snapshot spaces, then design suitable spectral problems to obtain important modes which can be used to construct multiscale basis [14, 15, 6, 5] . The resulting multiscale space contains basis functions that take into account the microscale heterogeneities, and the multiscale scale solution found in this space provide an accurate approximation. Recently, the authors in [8] proposed a new GMsFEM method with constraint energy minimization (CEM-GMsFEM). In CEM-GMsFEM, one constructs multiscale basis functions which can capture long channelized effects and can be localized in an oversampling domain. The construction of the multiscale space starts with an auxiliary space, which consists of eigenfunctions of local spectral problems. Using the auxiliary space, one can obtain the required multiscale spaces by solving a constraint energy minimization problem. Using the multiscale basis functions, we recently presented a nonlocal multi-continuum (NLMC) method [9] for problems in heterogeneous fractured media. We remark that since the local solutions are computed in an oversampled domain, the mass transfers between fractures and matrix become non-local, and the resulting upscaled model contains more effective properties of the flow problem.
In this paper, we construct the multicontinuum upscaled models based on NLMC. We construct multiscale basis functions in each local domain for both fractures and matrix. Upscaled model have only one additional coarse degree of freedom (DOF) for each fracture network. Numerical results show that the coupled NLMC method for the fractured porous media provide accurate and efficient upscaled model on the coarse grid.
The implementation is based on the open-source library FEniCS, where we use geometry objects and the FEniCS interface to the linear solvers [27, 28] . This paper is organized as follows. In Section 1, we consider mathematical model. Next in Section 2, we present finite volume fine grid approximation for the EFM and DFM approaches. In Section 3, we propose an upscaled coarse-grid model for flow in fractured porous media. After that, we present some numerical examples for various model problems, and we show that proposed method can achieve a good accuracy with a very few degrees of freedom and discuss the details in Sections 4-6. A conclusion is drawn in Section 7.
Problem formulation
In this paper, we consider a mixed dimensional mathematical model for the fractured porous medium. This 
where q m is the velocity in the porous matrix Ω, q f is the velocity in the fractures γ, µ is the fluid viscosity, c α , k α are the compressibility and permeability (k f = k f (b)), f α is the source term with α = f, m.
For the coupling term between the fractures and matrix, we have
where σ = k * /b, b is the fracture thickness and k * is the harmonic average between k m and k f . Coefficients η m and η f depends on mesh parameters. This term expresses the conservation of mass between the two continua.
Let ρ = const, then we have following mixed dimensional coupled system of equation
where p m is the pressure in the porous matrix Ω, p f is the pressure in the fractures γ, a m = c m , a f = c f ,
2 Fine-grid finite volume approximation
Next, we consider fine-grid approximation of the mixed dimensional coupled problem on unstructured grids using cell centered finite volume method. Discrete fracture model approximation. Let T h = ∪ i ς i be the fine mesh of the domain Ω containing triangular or tetrahedral elements that are conforming with fractures, and let E h be all fine-scale facets of the mesh T h . Denote by E γ = ∪ l ι l the fracture facets, where E γ ⊂ E h (see right of Figure 1 ). For discrete fracture model, we have the following discrete problem using two-point flux approximation
where Note that, the discrete fracture approximation can be used for fluid flow simulation in a fractured porous medium with both high and low permeable fractures. 
where σ il = σ if ι l ⊂ ς i and zero else.
Matrix form. Therefore, we have the following system of equations for p = (p m , p f ) T presented in the matrix form
and
where
3 Coarse-grid upscaled method Next, we describe the construction of the upscaled model on coarse grid using Non-local multi-continuum (NLMC) approach. In this method, the multiscale basis functions are constructed by solving local problems in the oversampled local region. The basis functions satisfy the constraint that it vanishes in all other continuum except for the target continuum which it is formulated for. Construction of basis is similar for both discrete and embedded fine-grid fracture models.
In NLMC [9] , we apply simplified basis for fractured media to form the auxiliary space, which will be used together with an energy minimization principle for form the required basis functions. The resulting multiscale basis functions have spatial decay property in local domains and separate background medium and fractures. Finally, the basis functions are used in the construction of the upscaled model. Let K + i be an oversampled region for the coarse cell K i (see Figure 2) obtained by enlarging K i by several coarse cell layers. We will construct a set of basis functions, whose supports are K + i . Each of these basis functions is related to the matrix component in K i as well as each fracture network within K i . For fractures,
, where γ (l) denotes the l-th fracture network and L is the total number of fracture 
is the fracture inside coarse cell K j and L j is the number of fracture networks in K j . For each K i , we will therefore obtain L j + 1 basis functions: one for K i and one for each
i . Following the framework of [9] and [8] , the auxiliary space V aux (K i ) for the coarse cell K i contains functions that are supported in K i and are piecewise constant functions such that they are constant on K i and on each γ (l)
i . We next define the constraints that will be used for multiscale basis construction. For each
We first discuss the constraint for background medium in (1). We note that it is a set of constraints so that the resulting function has mean value one on the coarse cell K i , and has mean value zero on all other coarse cells within K + i . In addition, the resulting function has mean value on all fracture networks within K + i . We next discuss the constraint for the fracture network (2). We note that it is a set of constraints so that the resulting function has mean value zero on all coarse cells within K + i . Moreover, the resulting function has mean value one on the target fracture network γ (l) i and has mean value zero on all fracture networks within K + i . To sum up, the above constraints will give L i + 1 functions.
Together with the above constraints, we will construct the basis functions as follows. Following the framework of [9] and [8] , we will find the multiscale basis functions using the energy minimizing constraint property. As a result, we will solve the following local problems in the oversampled region K + i using a fine-grid approximation for the system of flow in fractured porous media presented in the previous Section.
In particular, we solve following coupled system in K
with zero Dirichlet boundary conditions on ∂K + i for ψ m and ψ f . We remark that (ψ m , ψ f ) denotes each of the basis functions that satisfy the above constraints. Note that we used Lagrange multipliers µ m and µ f to impose the constraints in the multiscale basis construction.
To construct multiscale basis function with respect to porous matrix ψ 0 = (ψ 0 m , ψ 0 f ), we set F m = δ i,j and F f = 0. For multiscale basis function with respect to the l-th fracture network, we set F m = 0 and Figure 2 , we depict a multiscale basis functions for oversampled region K 
whereĀ = RAR T ,F = RF andp = (p m ,p f ). We remark thatp m andp f are the average cell solution on coarse grid element for background matrix and for fracture media. That is, each component ofp m corresponds to the mean value of the solution on each coarse cell. Moreover, each component ofp f corresponds to the mean value of the solution on each fracture network with a coarse cell.
As an approximation, we can use diagonal mass matrix directly calculated on the coarse grid 4 Numerical results for high and low permeable fractures with
DFM
In this section, we consider low and high permeable fractures (see Figure 3 for illustration). We construct an accurate approximation of the pressure equation using NLMC approach. The ideas to construct the basis are similar for low and high permeable fracture cases, where only the underlying fine grid models are different.
In Figure 2 , we depict multiscale basis functions in an oversampled local domain K 2 on a 20 × 20 coarse mesh. We consider three test cases:
• Test 1 (high permeable fractures). k m = 10 −6 , k f = 1.0 for all fractures.
Multiscale basis functions for high permeable fracture
Multiscale basis functions for low permeable fracture and 1042 elements (fractures).
• Test 2 (low permeable fractures). k m = 10 −4 , k f = 10 −10 for all fractures.
• Test 3 (hybrid fractures). k m = 10 −6 , k f = 1.0 for 24 fractures and k f = 10 −12 for 6 fractures. We set a source q = 10 −3 on the fractures in the two coarse cells,
• Test 1 and 3. cell: 0.1 < x < 0.15, 0.05 < y < 0.1 and cell: 0.6 < x < 0.65, 0.9 < y < 0.95.
• Test 2. cell: 0.05 < x < 0.1, 0.05 < y < 0.1 and cell: 0.65 < x < 0.7, 0.9 < y < 0.95.
As for initial pressure, we set p 0 = 1. Our total simulation time is t max = 0.1, and we take 20 time steps for upscaled and fine-scale solvers.
To compare the results, we investigate the relative L 2 error between coarse cell average of the fine-scale solutionp f and upscaled coarse grid solutionsp In Figure 7 , we present the upscaled solutions for coarse grid 40 × 40 for Test 1, 2 and 3. For basis calculations, we use oversampled domain K + with 3 coarse cells layers oversampling. We observe good accuracy of the proposed method with less than one percent of error for all test cases.
In Table 1 , we present relative errors for two coarse grids and for different numbers of oversampling layers K s with s = 1, 2 and 3. We notice a huge reduction of the system dimension and very small errors for 
Numerical results with EFM
In this section, we present numerical results for upscaled model for embedded and discrete fine-grid fracture models. We consider highly permeable fractures for two types of geometries. As for Geometry 1, we consider 30 fracture lines in the domain (Test 1 from the previous section) with injection and production wells ( We set a source term on the fractures inside following cells:
• Geometry 1. Cell 0.1 < x < 0.15, 0.05 < y < 0.1 (injection) and cell 0.6 < x < 0.65, 0.9 < y < 0.95 (production) with q = ±10 −3 .
• Geometry 2. Cells 0.1 < x < 0.15, 0.05 < y < 0.1 and 1.6 < x < 1.65, 0.9 < y < 0.95 for injection with
The total simulation time is t max = 0.1, and is discretized into 20 time steps for both upscaled and fine-scale solvers.
We first consider Geometry 1. For DFM model, the unstructured fine grid contains 47520 fine-scale elements for porous matrix and 1042 fine-scale elements for fractures. For EFM model, we use the structured fine grid containing 20000 fine-scale elements (matrix) and 1042 fine-scale elements (fractures). We consider uniformly structured coarse grid with 400 coarse-scale elements (20 × 20) . Fine-grid solutions using DFM and EFM models are presented in Figure 9 . We notice similar solutions for both models for sufficient fine grids. Figure 10 , we present results using the upscaled model, where we obtain very accurate simulation results with very small DOF in the upscaled model. For local domain K 2 , relative error for porous matrix are less than one percent.
In Table 2 , we present relative errors between the solutions of EFM and DFM fine-grid models and the upscaled model, where we only use two oversampling layers K 2 for basis construction. From the numerical results, we observe a good convergence when we take sufficient number of oversampled layers.
Numerical results for heterogeneous permeability
Finally, we consider a test case with heterogeneous permeability (Figure 11 ) for Geometry 1 with same parameters as in the previous section. As for fine grid approximation, we use EFM. The simulation time is t max = 0.1 with 100 time steps. In this test, we consider uniform structured coarse grids 40 × 40 (1600 cells). In Figure 12 , we present results using the upscaled model, where relative error are less than one percent. In Table 3 , we present relative errors between the fine grid and the upscaled coarse grid solutions. The fine-scale systems have size Table 3 : Relative errors of the average cell solution on a coarse mesh. Geometry 1 with heterogeneous permeability.
Conclusion
We consider mixed dimensional coupled problem for flow simulation in fractured porous media for EFM and DFM with finite volume approximation on the fine grid. We presented an upscaling method for coupled problems in fractured domains. In this work, we construct multiscale basis function for background medium and additional multiscale basis for fractures.
We presented numerical results for model problems: (1) 
